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INFINITELY MANY ELLIPTIC CURVES OF RANK EXACTLY TWO
II
KEUNYOUNG JEONG
Abstract. Under the parity conjecture, an infinite family of elliptic curves of rank 2
with a torsion subgroup of order 2 or 3 is constructed.
1. Introduction
There are numerous results on the construction of an infinite family of elliptic curves of
rank at least r and given torsion subgroups. For example, Dujella and Peral [DP] proved
that there are infinitely many elliptic curves E/Q such that{
rankZ(E(Q)) ≥ 3, E(Q)tor = Z/2Z× Z/6Z,
rankZ(E(Q)) ≥ 3, E(Q)tor = Z/8Z.
For the other torsion groups, the analogous results are listed in [Duj].
However, less is known regarding the construction of an infinite family of elliptic curves
over the rational numbers whose rank is exactly r. The only known cases are r = 0 and
1. We recall the parity conjecture for elliptic curves over the rationals: For any elliptic
curve E/Q,
ords=1L(s, E) ≡ rankZ(E(Q)) (mod 2).
The author and Byeon [BJ16] constructed an infinite family of elliptic curves over the
rationals whose Mordell–Weil group is exactly Z × Z. In this study, we will prove the
analogous results for other torsion subgroups, namely, Z/2Z and Z/3Z.
Theorem 1.1. Under the parity conjecture, there are infinitely many elliptic curves E
such that E(Q) ∼= Z× Z× T for T = Z/2Z, Z/3Z.
Let p, q be prime numbers, wE be the root number of the elliptic curve E, Em be an
elliptic curve defined by the equation y2 = x3 +mx, and Am be an elliptic curve defined
by the equation y2 = x3 + m2. We will construct a family of elliptic curve E(−pq) and
Apq whose root numbers are +1 and have a nontrivial rational point using the following
lemma:
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Lemma 1.2 ([BJ17, Lemma 2.2]). Let f(x) ∈ Z[x] be a polynomial of degree k and
positive leading coefficient. Let A,B be relatively prime odd integers, g be an integer, and
i, j be positive integers with 0 < i, j < g and (i, g) = (j, g) = 1. We assume that there is
at least one integer m such that
2f(m) ≡ Ai+Bj (mod g) and (AB, 2f(m)) = 1.
Let EABijk (N, f) be the number of positive integers n ∈ [1, N ] with 2f(n) ≡ Ai + Bj
(mod g) and (AB, 2f(n)) = 1 for which the equation 2f(n) = Ap1 +Bp2 has no solution
in primes p1 ≡ i, p2 ≡ j (mod g). Then there is an absolute constant c > 0 such that
EABijk (N, f)≪f N1−
c
k .
Thus, there are infinitely many integers n such that
2f(n) = Ap1 +Bp2,
for some primes p1 ≡ i and p2 ≡ j (mod g).
That is, infinitely many elliptic curves E−pq and Apq will be constructed such that{
Z× Z/2Z ≤ E(−pq)(Q), wE(−pq) = +1,
Z× Z/3Z ≤ Apq(Q), wApq = +1.
(1)
Subsequently, the upper bound of size of Selmer groups of E(−pq) and Apq will be calcu-
lated. The size of the Selmer groups of Ep and Ap is determined by the residue class of
p modulo 16 and 9, respectively (see [Sil, Proposition X.6.2], and [CP09, Corollary 7.7]).
In the case of E(−pq) and Apq, the Selmer groups are not determined only by the residue
classes of p and q modulo 16 and 9. However it will be shown that the upper bound of size
of Selmer groups can be calculated in certain cases (see Proposition 2.2, 3.4). Combining
these with (1), we have Theorem 1.1.
2. 2-Torsion case
We recall that an elliptic curve Em is defined by the equation y
2 = x3 + mx, where
m ∈ Q. The torsion subgroup of Em(Q) is Z/2Z when m 6= 4 and −m is not square [Sil,
Proposition X.6.1].
Lemma 2.1. (i) If m is not divisible by any square of integers, then
wEm = w∞w2,
where w∞ = sgn(m), whereas w2 = −1 if m ≡ 1, 3, 11, 13 (mod 16), and w2 = +1
otherwise.
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(ii) Let a, b be nonzero integers. Then, the elliptic curve Eb2(a2−b2) : y
2 = x3+b2(a2−b2)x
has a nontrivial integral point (b2,±ab2).
Proof. (i) It follows by [BS66, (10), (13)], and (ii) can be verified by a direct calculation.

We recall the concept of descent via two-isogeny [Sil, Theorem X.4.9]. Let M0K and
M∞K be the set of infinite places and finite places of a number field K, E
′
m be an elliptic
curve defined by the equation y2 = x3 − 4mx, φ : Em → E ′m be a 2-isogeny defined by
φ(x, y) −→ (y
2
x2
,
y(m− x2)
x2
),
and φ′ be its dual isogeny. Then, for S = M∞Q ∪ {v ∈M0Q : v | 2m}, we have
Selφ(E/Q) ⊂ H1(Q, E[φ], S),
where H1(Q, E[φ], S) ⊂ H1(Q, E[φ]) is the set of cocycles unramified outside S. For
Q(S, 2) := {x ∈ Q
×
(Q×)2
: ordv(x) = 0 for all v 6∈ S},
there is an isomorphism ι : Q(S, 2) → H1(Q, E[φ], S) defined by ι(d)(σ) := dσ/d for all
σ ∈ Gal(Q/Q). We note that E[φ] ∼= Z/3Z as a GQ-module. Let WC(E/Q) be the
Weil–Châtelet group of the elliptic curve E/Q. Then there is a map
Q(S, 2)
ι∼= H1(Q, E[φ], S)→WC(E/Q), d→ Cd(w, z) : dw2 = d2 − 4mz4,
and for d ∈ Q(S, 2), ι(d) ∈ Selφ(E/Q) if and only if the homogeneous space Cd is locally
trivial for all p ∈ S. That is,
{d ∈ Q(S, 2) : Cd(Qp) 6= ∅ for all p ∈ S}
ι∼= Selφ(E/Q).
We simply write d ∈ Selφ(E/Q) for ι(d) ∈ Selφ(E/Q), and denote by C ′d the homogeneous
space of E ′m for d ∈ Q(S, 2).
Proposition 2.2. Let E = E(−pq) and E
′ = E ′(−pq) for some primes p and q.
(i) If pq 6≡ ±1 (mod 8), then Z/2Z ≤ Selφ(E/Q) ≤ (Z/2Z)2.
(ii) If one of p and q is not equivalent to 1 modulo 4, then Z/2Z ≤ Selφ′(E ′/Q) ≤ (Z/2Z)2.
Proof. (i) By previous arguments, we know that
Q(S, 2) = {±1,±2,±p,±q,±2p,±2q,±pq,±2pq},
and Cd : dw
2 = d2 + 4pqz4. By [Sil, Proposition X.4.9], we have pq ∈ Selφ(Epq/Q). The
negative d ∈ Q(S, 2) is not in Selφ(E/Q) because Cd(R) is empty.
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Let (W,Z) be a Q2-point of C2 : w
2 = 2 + 2pqz4. We may assume that W ∈ 2Z2 and
Z ∈ Z2. If pq 6≡ ±1 (mod 8), then W 2 ≡ 2 + 2pqZ4 (mod 8) does not have a solution.
Hence, if pq 6≡ ±1 (mod 8), then 2 6∈ Selφ(Epq/Q). Consequently, 〈pq〉 ≤ Selφ(E/Q) ≤
{1, p, q, pq, 2p, 2q} which proves (i).
(ii) We note that the homogeneous space C ′d is defined by the equation dw
2 = d2−pqz4.
As in (i), we have −pq ∈ Selφ′(E ′pq/Q). We consider C ′−1 : w2 + 1 = pqz4, and let (W,Z)
be a Zp-point of C
′
−1. As W
2 + 1 ≡ 0 (mod p), there is no Qp-point in C ′−1 when p 6≡ 1
(mod 4). Similarly, if q 6≡ 1 (mod 4), then C ′−1(Qq) = ∅. Hence, −1 6∈ Selφ′(E ′/Q) if
one of p, q is not equivalent to 1 modulo 4.
We consider C ′−2 : 2w
2 + 4 = pqz4. We may assume that a Q2-point (Z,W ) of C
′
−2
satisfies W ∈ Z2 and Z ∈ 2Z2. As the equation 2W 2 + 4 ≡ 0 (mod 16) does not
have a solution, −2 6∈ Selφ′(E ′/Q). Similarly, C ′2(Q2) does not have a solution because
2W 2 − 4 6≡ 0 (mod 16). Therefore, 2 6∈ Selφ′(E ′/Q).
Consequently, if one of p and q is not equivalent to 1 modulo 4,
〈−pq〉 ≤ Selφ′(E ′/Q) ≤ {1,±p,±q,−pq,±2p,±2q,±2pq}.
Let A = {1,±p,±q,−pq,±2p,±2q,±2pq}. Then, all the possible groups between A and
{1, pq} as sets have order bounded by 4. 
Theorem 2.3. There are infinitely many elliptic curves E such that wE = +1 and
Z× Z/2Z ≤ E(Q) ≤ Z× Z× Z/2Z.
That is, under the parity conjecture, there are infinitely many elliptic curves whose
Mordell–Weil groups are exactly Z× Z× Z/2Z.
Proof. There is a natural Q-isomorphism between Et4s ∼= Es for t, s ∈ Q, which is defined
by (x, y)→ ( x
t2
, y
t3
). By Lemma 2.1 (ii), Eb4(a2−b4) ∼= E(a2−b4) has an (non-torsion) integral
point. We use Lemma 1.2 with A = B = 1, g = 16, i = 15, j = 3, and f(n) = 2n2.
As m = 1 satisfies 2m2 ≡ i + j (mod 16), there are infinitely many integers b such that
2b2 = p+ q and p ≡ 15, q ≡ 3 (mod 16). Then for a = p−q
2
,
a2 − b4 = (a+ b2)(a− b2) = −pq.
The torsion subgroup of E(−pq) is Z/2Z. As pq 6≡ ±1 (mod 8) and p, q ≡ 3 (mod 4),
2 + rankZ(E(Q)) ≤ dimF2(Selφ(E/Q)) + dimF2(Selφ′(E ′/Q)) ≤ 4,
by [Sil, Proposition X.6.2] and Proposition 2.2. Finally wE−pq = +1, by Lemma 2.1
(i). 
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3. 3-Torsion case
We recall that for Am : y
2 = x3 + m2, where m ∈ Q, if m 6= 1 is sixth-power-free
integer, then the torsion subgroup of Am(Q) is Z/3Z (see [Sil, Exercise 10.19]). As in
Section 2, we have the following lemma.
Lemma 3.1. (i) If m is square-free and prime to 6, then wAm = w3
∏
p|mwp, where{
w3 = −1 if m2 ≡ −2 (mod 9),
w3 = +1 otherwise.
{
wp = −1 if p | m, and p ≡ 2 (mod 3),
wp = +1 otherwise.
(ii) Let a, b be nonzero integers. Then the elliptic curve Aa(a2−b2) : y
2 = x3 + a2(a2 − b2)2
has an nontrivial integral point (−a2 + b2,±(ab2 − b3)).
Proof. The first part can be easily deduced by [Liv95, §9, Theorem]. The second part
can be verified by a direct calculation. 
We recall the concept of descent via 3-isogeny [CP09, Definition 1.3]. LetK = Q(
√−3),
A′m be an elliptic curve defined by the equation y
2 = x3 − 27m2, φ : Am → A′m be an
isogeny defined by
φ : (x, y) −→ (x
3 + 4m2
x2
,
y(x3 − 8m2)
x3
),
and φ′ be its dual isogeny. There are 3-descent maps
Am(Q)
φ′A′m(Q)
α−→ Q(S, 3) and A
′
m(Q)
φAm(Q)
α′−→ K(S, 3),
where S = M∞(·) ∪ {v ∈M0(·) : v | 6m} for (·) = K or Q. The map α is defined by
α(O) = 1, α(0, m) =
1
2m
, and α(x, y) = y −m.
We note that α′ is defined by α′(x, y) = y − 3m√−3, and the images of α′ are in
KN(S, 3) = {u ∈ K(S, 3) : NmK/Q(u) ∈ (Q×)3}.
Lemma 3.2. Let p, q ≥ 5 be primes, and Apq : y2 = x3 + p2q2 be elliptic curves.
(i) For any d ∈ Q(S, 3), let d be the unique cube-free representative of d, and d = d21d2 be
the unique representation such that di are square-free and coprime. Then, the solvability
of the homogeneous space Cd is equivalent to that of
Cd1,d2, 2pqd1d2
: d1X
3 + d2Y
3 +
2pq
d1d2
Z3 = 0. (2)
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We will denote Cd1,d2, 2pqd1d2
by (d1, d2,
2pq
d1d2
). Moreover, we have imα ≤ 〈2, p, q〉.
(ii) Let u1, u2, u3 ∤ 3. The homogeneous space C : u1X
3 + u2Y
3 + u3Z
3 = 0, which is
denoted by (u1, u2, u3), has a Q3-point if and only if ui ≡ ±uj (mod 9) for some i 6= j.
Proof. As in Section 2, there is an exact sequence Apq(Q)
α→ Q(S, 3) → WC(Apq/Q).
Hence, d ∈ imα if and only if the homogeneous space Cd has a nontrivial rational solution.
By [CP09, Theorem 3.1 (i), (iii)], the homogeneous space Cd is trivial in WC(E/Q) if and
only if (2) has a nontrivial rational solution, and if (2) has a nontrivial rational solution,
then d1d2 | 2pq. Hence, (i) follows, whereas (ii) is exactly [CP09, Lemma 5.9 (i)]. 
Lemma 3.3. Let p, q ≥ 5 be primes, Apq : y2 = x3 + p2q2 be elliptic curves, and τ be a
unique nontrivial element in Gal(K/Q).
(i) For d ∈ KN(S, 3), there is an element v = v1+v2
√−3 such that vi ∈ Q and d = v2τ(v).
The solvability of the homogeneous space C ′d is equivalent to that of
2v2X
3 − 6v1Y 3 + 6pq
v21 + 3v
2
2
Z3 + 6v1X
2Y − 18v2XY 2 = 0. (3)
(ii) For d ∈ imα′, there exists an ideal a, of OK such that dOK = a2τ(a) and NmK/Q(a)
is a cubefree divisor of 2pq divisible only by primes that are split in K/Q.
(iii) The homogeneous space defined by (3) has a Q2-point if and only if the class τ(v)/v
is a cube in F22.
Proof. [CP09, Proposition 4.1. (1), Corollary 4.3, Lemma 6.4 (2)], respectively. 
Proposition 3.4. Let p, q ≥ 5 be primes, and Apq : y2 = x3 + p2q2 be elliptic curves.
(i) If p, q ≡ ±2 (mod 9), then Z/3Z ≤ imα ≤ (Z/3Z)2.
(ii) If p ≡ 2 (mod 3) and q ≡ 1 (mod 3), then 0 ≤ imα′ ≤ Z/3Z.
Proof. (i) By Lemma 3.2 (i), it suffices to consider the homogeneous space (d1, d2,
2pq
d1d2
) for
d = d21d2 such that di are square-free, coprime, and d1d2 divides 2pq. As imα is a group,
(d1, d2,
2pq
d1d2
) is locally trivial if and only if (d2, d1,
2pq
d1d2
) is. By exchanging d1 and d2, there
are only 14 choices for (d1, d2,
2pq
d1d2
). Among them, (1, 1, 2pq) and (1, 2pq, 1) have a trivial
solution, namely, [1,−1, 0] and [0, 1,−1], respectively. Hence, 1, 2pq ∈ imα. There are
4-families, namely,
{(1, 2, pq), (pq, 2, 1), (1, pq, 2)},
{(1, q, 2p), (1, 2p, q), (2p, q, 1)},
{(2, p, q), (2, q, p), (p, q, 2)},
{(2q, p, 1), (1, 2q, p), (1, p, 2q)}.
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If one of the families is in imα, then all elements in the family are in imα because
2pq ∈ imα. Hence, it suffices to check one homogeneous space for each family.
By Lemma 3.2 (ii), the homogeneous space (1, 2, pq) has a Q3-solution if and only if
pq ≡ ±1,±2 (mod 9). Hence, 4 6∈ imα if pq 6≡ ±1,±2 (mod 9). Similarly, we can show
the following:
• q2 does not lie in imα when q 6≡ ±1, p 6≡ ±5, and q 6≡ ±2p (mod 9),
• 2p2 does not lie in imα when p 6≡ ±2, q 6≡ ±2, and p 6≡ ±q (mod 9),
• p2 does not lie in imα when p 6≡ ±1, q 6≡ ±5, and p 6≡ ±2q (mod 9).
If p, q ≡ ±2 (mod 9), then 4, p2, q2 do not lie in imα. Therefore, Z/3Z ≤ imα ≤ (Z/3Z)2.
(ii) By Lemma 3.3 (ii), if d ∈ imα′, then there exists a such that d = ζ i3a2τ(a) and
NmK/Q(a) | 2pq is divisible only by primes that split in K/Q. In this case, NmK/Q(a) | q.
Therefore, imα′ ≤ 〈ζ3, q′2q′〉, where q′ is a prime of K satisfying NmK/Q(q′) = q.
We consider d = ζ3. For v = ζ3, we have ζ3 = v
2τ(v) and τ(v)/v 6= 1 in F22 . There-
fore, the homogeneous space C ′ζ3 does not have a solution in Q2 by Lemma 3.3 (iii).
Consequently, when p ≡ 1 and q ≡ 2 (mod 3), imα′ ≤ Z/3Z. 
Theorem 3.5. There are infinitely many elliptic curves E such that wE = +1 and
Z× Z/3Z ≤ E(Q) ≤ Z× Z× Z/3Z.
That is, under the parity conjecture, there are infinitely many elliptic curves whose
Mordell–Weil groups are exactly Z× Z× Z/3Z.
Proof. By Lemma 3.1, the elliptic curve Aa3(a6−b2) has a non-torsion integral point. We
use Lemma 1.2 with A = 27, B = 1, i = 2, j = 7, and f(n) = 2n3. As 2m3 ≡ 27i + j
(mod 9) has a solution m = −1, there are infinitely many integers a such that a3 = 27p+q
2
,
and p ≡ 2, and q ≡ 7 (mod 9). Then for b = 27p−q
2
,
(a6 − b2) = (a3 + b)(a3 − b) = 27pq.
Therefore, there are infinitely many elliptic curves A33pq ∼= Apq with at least one non-
torsion point and Apq(Q)tor = Z/3Z. By Proposition 3.4, | imα| ≤ 32 and | imα′| ≤ 3
if we choose p ≡ 2 and q ≡ 7 (mod 9). By [CP09, Proposition 2.2], | imα|| imα′| =
3rankZ Apq(Q)+1. Hence, 1 ≤ rank(Apq(Q)) ≤ 2, and wApq = +1 by Lemma 3.1. 
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